ABSTRACT A method has been developed to study the radial stiffness of a cylindrical roller bearing with corrected roller generator. First, the finite-length contact question of roller-race contact was solved by cutting contact surface into slices and considering the influences among slices by a flexibility coefficient matrix, which was more accurate than the traditional method. Further, the more precise load-approach function of the contact of race and roller with corrected generator was determined. Then, the radial stiffness of a cylindrical roller bearing has been derived by coupling this load-approach function into a complete bearing mechanical model. Results show that the corrected roller generator has a great influence on the bearing radial stiffness. The maximum stiffness difference among the cases of straight and crowned generators is 28.7%. The bearing radial stiffness decreases rapidly with the rise of profile maximum deviation h max . It is worthy noting that there is a sudden change of stiffness with the adding of load when the bearing is with clearance.
INTRODUCTION
Most machines suffer from some degree of mass imbalance, which results in rotating forces and excites resonances of rotating machinery at high speed. A stiff support is helpful for absorbing little of the vibration energy and emitting the sound. Because of linear contact, the stiffness of cylindrical roller bearing is higher than that of ball bearing under the same conditions. Thus, the cylindrical roller bearing is usually used under the condition of heavy load and high stiffness. However, for reducing the stress concentration at the end of roller, the roller with different corrected generators is often used so that the bearing stiffness is changed certainly. To accurately analyze the dynamic performance of a rotor system, clearing how the roller with corrected generator affects the bearing stiffness is necessary and valuable. Early, Jones [1] proposed a completely general solution whereby the elastic compliances of a system of any number of ball and radial roller bearings under any system of loads can be determined. This method was extended by Harris [2] . Gargiulo [3] presented empirical formulae for the load-stiffness and deflectionstiffness relations by assuming rigid bearing races. Those formulae were applied for radial and axial stiffness of a few types of bearing. Lim and Singh [4] proposed a theoretical model to estimate diagonal and crosscoupling terms in the stiffness matrix. They used a discrete summation over all loaded rolling elements to obtain total bearing forces and moments instead of the integral form. Bourdon et al. [5] developed an alternative method to estimate the stiffness matrix by dividing the rolling element surface and races into slices and computing individual contact stresses. Butner et al. [6] studied the influence of mounting compliance and operating conditions on the radial stiffness of ball bearing by analyzing and testing. Chang et al. [7] presented the formulation and used an elastohydrodynamic (EHD) lubrication model to analyze the kinematic and dynamic behavior of high-speed cylindrical roller bearings. The bearing stiffness could be calculated for different parameters. Recently, Hernot et al. [8] presented a method to establish a stiffness matrix for angular-contact ball bearings. Kim et al. [9] investigated the effect of bearing assembly tolerances on the spindle bearing compliance. They presented the analytical and experimental investigations on the bearing compliance with additional consideration to both the elastic approach of the race and the thermal approach of the housing in terms of the bearing stiffness. Mourad et al. [10] presented a theoretical and an experimental study on the nonlinear stiffness of ball bearing in static and dynamic mode. The nonlinear dynamic behavior of the ball bearing was described by considering the ball scrolling in the cage and the effect of rotating vector load. Guo and Parker [11] developed a finite element contact mechanics model to obtain accurate bearing stiffness for a wide range of rolling element bearing types and parameters. The contact mechanics between the rolling elements and races is solved by a combined surface integral and finite element method. A numerical method is developed to determine the full bearing stiffness matrix corresponding to two radial, one axial, and two angular coordinates. Kang et al. [12] presented a stiffness function for all angular-contact ball bearings by a back-propagation neural network method, which is trained by using several samples. Szumiński [13] gave a method to determine the radial and axial stiffness of rolling bearings and rolling kinematic pairs as a function of the external load and the kinematics of motion. The influence of distribution of rolling elements on the coefficients of stiffness has been considered. Some other scholars [14] [15] [16] [17] studied the profile formulas to uniform the roller-race contact stresses and to avoid the stress concentration at the end of roller.
So far, the stiffness investigations regarding the rolling element bearing are a little more. Different models have been presented by many researchers. However, the existing models can not express how the roller's corrected generator affects the bearing stiffness. In this study, the finite-length contact question of race and roller has been solved by cutting the contact surface into slices firstly. Hereinto, influence coefficients among slices are considered to enhance calculation precision. Further, contact approaches and stresses between the races and rollers with corrected generators are analyzed. A more accurate function expressing the load-approach relations of roller-race contact is obtained. At last, the radial stiffness of a cylindrical roller bearing has been derived by coupling this load-approach function into a complete bearing mechanical model. The effects of various common roller generators on the radial stiffness of a cylindrical roller bearing are analyzed.
SOLUTION TO FINITE-LENGTH CONTACT QUESTION OF ROLLER-RACE CONTACT
The roller-race contact in a cylindrical roller bearing is a finite-length contact question. Generally, Eq. (1) describes the load equilibrium of contact bodies for the elastic contact. Eq. (2) expresses the approach compatibility of contact bodies. where p is the contact stress, Q is the applied load, x and y are the coordinates of contact area, E is the equivalent elastic modulus, x and y are the integral term, δ is the contact approach, z is the initial clearance of contact surfaces, S c is the contact zone, E is the elastic modulus, ν is the Poisson's ratio, the subscripts 1 and 2 are the number of contact bodies. The numerical method is often used to solve Eqs. (1) and (2) because the analytic method is very difficult to deal with them. The contact surface of two rollers is evenly dispersed into many slices along the roller axis, which is shown as Fig. 1 . In each slice, the contact stress is determined by Hertz contact theory. And along the roller axis, the contact stress distribution is assumed be same in each slice. The length of each slice is 2a. The width of each slice is 2h. The maximum stress of each slice is p 0 that locates at the generator. The influences among slices are taken into account by flexibility coefficient matrix. Therefore, as long as the slices are sufficient in number, the contact stress and approach of two rollers can be calculated accurately.
For the discrete contact surface, Eqs. (1) and (2) can be expressed as, respectively:
where a is half of the slice length, h is half of the slice width, z is the initial clearance of contact surfaces, p 0 is the maximum contact stress in the slice, y is the coordinate of slice, D is the matrix of flexibility coefficient. The subscripts i and j are the number of slices. The element D i j means the effect of jth slice on the displacement of the ith slice. D i j can be obtained by Eq. (6). Also, Eq. (6) can be further expressed by Eq. (7) where F is a function given by Eq. (8) [18] . When the number of slices is determined, the coordinate of each slice can be obtained. Further, D i j is determined.
F(x, y) = x ln y + x 2 + y 2 + y ln x + x 2 + y 2 (8) When the number of slices, the applied load Q and the initial clearance z are given, the undetermined variations are maximum contact stress p 0 of each slice and the contact approach δ . The number of undermined variations is n + 1. The number of Eqs. (4) and (5) is also n + 1. Thus, the variations p 0 , δ can be exclusively determined by Eqs. (4) and (5). Further, the contact stress p is obtained. Eqs. (4) and (5) are solved by iterative method. First, the initial value of the contact approach δ is given. The contact stress p j in each slice can be calculated. The slices where p j = 0 are removed. The remainder slices constitute the new integral domain. The matrix of the flexibility coefficient Dij and contact stress p j are renewed. The above process is ceased until the contact stress p j in each slice is greater than zero. Second, the load equilibrium of contact bodies (Eq. 4) is judged. If the load equilibrium of contact bodies is not satisfied, another contact approach δ is given and the above process is redone until the load is equilibrious. Last, the accurate contact stress and approach of rollers are obtained.
The roller-race contact question in a cylindrical roller bearing can be solved by the method mentioned above. Further, the relation between the contact approach δ and force Q of the roller-race contact can be approximately expressed by [2] δ = CQ t (9) where C and t are coefficients affected by the curvatures and material properties of the contact surfaces of rollers and races. In this study, the coefficients C and t are fitted by the enormous data of contact forces Q and their corresponding approaches δ calculated under the conditions of different types and corrected values of roller generators, respectively.
RADIAL STIFFNESS OF CYLINDRICAL ROLLER BEARING
As Eq. (9) is accurately determined, the completed mechanical model shown in Fig. 2 for analyzing the roller-race contact force and stiffness of a cylindrical roller bearing can be established. There is always a roller No. 0 at the bottom of the bearing. The other rollers are symmetrically distributed with the No. 0 roller and numbered from 1 to n. The bearing's radial clearance is u r . When the inner ring is applied with a radial force F r , the displacement of the center of inner ring is δ max + u r /2, where δ max is the maximum contact approach that is on the No. 0 roller. Also, the maximum contact force Q max corresponding with δ max can be calculated by Eq. (9).
The force equilibrium of the bearing is given by Eq. (10). The approach compatibility of roller-race contacts is given by Eq. (11) . The roller azimuth angle ψ is defined by Eq. (12) .
where F r is the radial force applied on the inner ring, Q is the roller-race contact force, δ is the total approach of roller-race contact, u r is the bearing radial clearance, ψ is the roller azimuth angle, Z is the number of rollers. The subscript j is the roller number. The subscript max means maximum value.
The maximum contact force Q max that is on the No. 0 roller is determined by Eqs. (13) (14) (15) 17). Thus, the bearing's radial stiffness is expressed by Eq. (18) .
where J r is the radial load summation, ε is the load distribution factor, K is the radial stiffness of the cylindrical roller bearing. Equation (18) shows that the radial stiffness of a cylindrical roller bearing is nonlinear. Also, the bearing radial stiffness is affected by the roller corrected generator, the bearing radial deformation δ r , the number Z of roller and the radial clearance u r . Figure 3 shows the flow chart for analyzing the influence of different parameter on the bearing radial stiffness. First, the parameters C,t, Z, u r and δ r are inputted. Then, the contact approach δ j of each roller-race contact is calculated. The number n of loaded roller is determined by judging if δ j > 0. Last, the bearing radial stiffness K and its corresponding applied radial force F r on the inner ring are calculated. Figure 4 shows the common profiles of corrected roller generator. l is the length of roller. R is the arc radius. h max is the maximum deviation of roller generator profile which is also the corrected value of corrected roller generator. In this study, the cylindrical roller bearing NJ326 and these common profiles of corrected roller generator are chosen as samples to study the effects of roller generator and corrected value on the roller-race contact and bearing radial stiffness. The characteristic parameters of bearing NJ326 are given in Table 1 . The roller generator's types and profile maximum deviations h max that are determined by the bearing's static load rating are shown in Table 2 . Figure 5 gives the results of contact stress of roller with straight generator. The contact force Q on the roller is 8742.9 N determined by the limit load 30000 N of the bearing. One of results is obtained only using slice method. Another result is calculated using slice method and considering the influences among slices by flexibility coefficient matrix D. The contact stress distribution on each slice is gotten by Hertz contact theory. At the same time, the contact stress of the roller-race contact on the generator is calculated by the finite element software ANSYS. Figure 5 shows that the stress concentration at the end of roller can be accurately obtained by considering the influences among slices, which is confirmed by the finite element method. On the contrary, the phenomenon of contact stress concentration is not be found by only using slice method. Thus, considering the influences among slices by flexibility coefficient matrix D is very necessary. The contact stress gotten by the finite element method is less than those obtained by the other two methods because of the element density. Figure 6 shows the sensibility of the number of slices to the analysis of roller-race contact. The number of slices increases from 20 to 120 every 10. Figure 6 shows that the number of slices affects the contact approach to some extent. Although the contact approach decreases with the adding of the number of slices, the contact approach only decreases 0.74% when the number of slices increases from 20 to 120. Thus, the sensibility of the number of slices to the analysis of roller-race contact is relatively low. Considering the calculation cost, the number of slices is taken as 60.
RESULTS AND DISCUSSION

Sensibility of Number of Slices and Effect of Matrix of Flexibility Coefficient D on Contact Stress
Determination of Load-Approach Function of Roller-Race Contact
To determine load-approach function Eq. (9) for each type of roller generator, the corresponding contact approaches δ are calculated under the load range 1000-20000 N which is divided into 20 equal parts for each type of roller generator. Further, the coefficient C and t in Eq. (9) of each roller generator are fitted by the function Nlinfit of Matlab. The values of coefficients C and t for different type of roller generator are given in Table 3 . This table shows that the difference of coefficients t of these cases is very small. The difference of maximum and minimum of coefficient t is 0.00086 that is less than 1% of the minimum. On the contrary, the difference of coefficient C of these cases is great. The maximum 6.8115 of coefficient C in the case of crowned generator is 27.2% more than the minimum 5.3551 of the coefficient C in the case of logarithmic generator. Thus, the roller generator has a great influence on the performance of roller-race contact. Figure 7 shows the contact stress of outer race and roller with different generator. The contact force Q on the roller is 50000 N. The contact stress distribution of inner race and roller, which is similar to that of outer race and roller, is not given here. It can be seen that there is stress concentration at the end of roller when the roller is with straight generator or logarithmic generator. When the roller is with straight generator, the stress concentration is the most serious. There is no stress concentration at the end of roller when the roller is with tapered generator. But the stress concentration exists at the connection position of arc and line. Also, the contact stress distributions when arc center is at the middle of roller or both sides of roller middle are similar. To the crowned generator, the roller-race contact is similar to that of point contact. Although contact stress concentration does not exist, the contact stress is not well-distributed. Generally speaking, the logarithmic generator is the best for the contact stress distribution. Figure 8 shows the effect of profile maximum deviation h max on the contact stress. The h max in the cases of tapered generator-arc center at the middle of roller, tapered generator-arc center at both sides of roller middle and crowned generator are 56.8, 59.4, 62.4 and 63.1 µm. The h max in the case of logarithmic generator are 53.0, 55.9, 70.4 and 116.9 µm. Although the h max in the case of logarithmic generator are some different from those in the other three cases because the h max is determined by the generator type and contact force Q 50000 N, there is no influence to study the effect of profile maximum deviation hmax on the contact stress. It is necessary to indicate that these maximum deviation h max are much greater than the normal value.
Effect of Corrected Roller Generator on Roller-Race Contact Stress
Effect of Profile Maximum Deviation h max on the Contact Stress
In the cases of tapered generator, the stress concentration increases greatly at the roller length 5.308 mm and 29.49 mm when the h max are 62.4 and 63.1 mm. In the case of tapered generator(arc center at the middle of roller), the contact stress at the roller lengh 5.308 mm increase 1.57 times when the h max are 56.8 mm (2176 Mpa) and 63.1 mm (3438 Mpa). The contact length decreases from 34.8 to 25.361 mm when the h max increases from 56.8 to 63.1 mm. Both ends of the roller can not contact the raceway. In the cases of crowned generator and logarithmic generator, the contact concentration disappears when the h max increases. But the contact length of the roller decreases greatly and the contact stress is seriously nonuniform. In the case of crowned generator, the contact length of the roller is only 7.66 mm when the h max is 63.1 mm. In a word, the contact stress is sensitive to the profile maximum deviation h max . With the increase of profile maximum deviation h max , the stress concentration becomes heavier in the case of tapered generator. Moreover, the stress distribution is much more nonuniform.
Effect of Generator Type on Bearing Radial Stiffness
The radial stiffness of cylindrical roller bearing under the condition of different roller generator is given in Fig. 9 . The bearing radial clearance is 0.05 mm. Figure 8 shows that the bearing radial stiffness is maximum when the roller is with straight generator and the bearing is applied with the same load. On the contrary, the bearing radial stiffness is minimum when the roller is with crowned generator. The difference among the cases of straight and crowned generators is about 28.7%. The bearing radial stiffness when the roller is with the other three types of generators is among the maximum and minimum in the cases of straight and crowed generators. Furthermore, in all of these cases, the bearing radial stiffness increases with the adding of applied load. It is worth noting that the bearing stiffness has a sudden change with the adding of applied load. The value of sudden change of the stiffness is 2.39 times for the case of straight generator. The value of sudden change of the stiffness is 2.9 times for the case of crowned generator. The basic reason is that the number of loaded rollers increases from 1 to 3. Also, the applied load causing the sudden change of stiffness is somewhat different for these cases because of the different contact performance for each roller generator. In this study, if the applied load on the bearing is more than 1149 N, the sudden change of stiffness happens for all of these cases. After the sudden change of stiffness, the bearing radial stiffness increases relatively slowly with the adding of applied load. Thus, if the preload method is used to enhance the bearing stiffness, the preload had better be more than the load causing the sudden change of stiffness for the rolling element bearings. Figure 10 shows the radial stiffness of the cylindrical roller bearing when the radial clearance is 0 mm. The stiffness variation of the bearing with no radial clearance is similar to that of the bearing with radial clearance (Figure 9 ). But there is no sudden change of stiffness when the bearing radial clearance is 0 mm because the number of loaded roller is always 7. In addition, the bearing radial stiffness of the bearing with no radial clearance is more than that of the bearing with radial clearance under the same load and roller generator because of much more loaded rollers. Figure 11 gives the influence of profile maximum deviation h max on the bearing radial stiffness. The maximum deviation h max of profile are 8.93, 20.38, 38.03, 54.78, 70.97 µm, respectively. The other conditions in these cases are same. The bearing is loaded 30000 N. The bearing radial stiffness decreases with the rise of profile maximum deviation h max because the contact approach of race and roller increases. When the roller is with logarithmic generator, the decreasing of bearing radial stiffness is the most (4.848 × 10 5 N/mm). Also, the bearing radial stiffness in the logarithmic generator case changes from the largest to the third. The bearing radial stiffness of crowned generator is minimum all the time among these four cases. Thus, the crowned generator is a bad choice from the point of view of bearing radial stiffness. On the contrary, when the profile maximum deviation is less, the logarithmic generator is the best.
Effect of Profile Maximum Deviation h max on Bearing Stiffness
CONCLUSIONS
Using the slice method of the roller-race contact and considering the influences among the slices, the loadapproach functions between the race and rollers with corrected generators are accurately determined. Further, the influence of the roller's generator profile on the bearing radial stiffness is analyzed. Some conclusions are obtained by this study.
1. Using the slice method and considering the influences among the slices to solve the finite-length contact question of roller-race contact, the results are more accurate. The sensibility of the number of slices is low.
2. The roller generator has a great influence on the bearing radial stiffness. The bearing radial stiffness is maximum and minimum when the roller is with straight and crowned generators, respectively. The difference is about 28.7%. Also, the bearing radial stiffness decreases rapidly with the rise of profile maximum deviation h max .
3. When the bearing is with clearance, there is a sudden change of stiffness with the adding of applied load because the number of loaded rollers in the bearing increases. If the preload method is used to enhance the bearing stiffness, the preload had better be more than the load causing the sudden change of stiffness for the rolling element bearings.
4. From the point of view of contact stress and bearing stiffness, the logarithmic generator is the best choice and the crowed generator is the worst one in these frequently-used roller generators.
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